We have calculated microscopically bulk viscosity of hadronic matter, where equilibrium thermodynamics for all hadrons in medium are described by Hadron Resonance Gas (HRG) model. Considering pions and nucleons as abundant medium constituents, we have calculated their thermal widths, which inversely control the strength of bulk viscosities for respective components and represent their in-medium scattering probabilities with other mesonic and baryonic resonances, present in the medium. Our calculations show that bulk viscosity increases with both temperature and baryon chemical potential, whereas viscosity to entropy density ratio decreases with temperature and with baryon chemical potential, the ratio increases first and then decreases. The decreasing nature of the ratio with temperature is observed in most of the earlier investigations with few exceptions. We find that the temperature dependence of bulk viscosity crucially depends on the structure of the relaxation time. Along the chemical freeze-out line in nucleus-nucleus collisions with increasing collision energy, bulk viscosity as well as the bulk viscosity to entropy density ratio decreases, which also agrees with earlier references. Our results indicate the picture of a strongly coupled hadronic medium.
I. INTRODUCTION
The extraction of the transport properties of the strongly interacting medium created in heavy ion collision (HIC) experiments is currently a very active topic of research in the HIC community. The methods of relativistic hydrodynamics with minimal viscous correction have been quite successful in describing the time evolution of the hot and dense fireball created in the HIC experiments. These kind of investigations have also concluded that the shear viscosity (η) to entropy density (s) ratio, η/s, of the medium created in HIC experiments is very close to its quantum lower bound 1/4π [1] . Similar to η, another transport coefficient is the bulk viscosity, ζ, which is defined as the proportionality constant between the non-zero trace of the viscous stress tensor to the divergence of the fluid velocity, and usually it appears associated with processes accompanied by a change in fluid volume or density. The viscous coefficient ζ has received much less attention than the η in hydrodynamical simulations because its numerical value is assumed to be very small, as it is directly proportional to the trace of the energy-momentum tensor, which generally vanishes for conformally symmetric matter [2] . However, according to Lattice Quantum Chromo Dynamics (LQCD) calculations [3] , the trace of the energy momentum tensor of hot QCD medium might be large near the QCD phase transition, which indicates the possibility of a non-zero and large value of ζ as well as of ζ/s near the transition temperature. This indication is confirmed by the Refs. [4, 5] , related with LQCD estimation, where Ref. [5] exposes the possibility of divergence of ζ near the transition temperature. In recent times, different phenomenological investigations [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] demonstrated that bulk viscosity can have a non-negligible effect on heavy ion observables, where the values of ζ/s in Ref. [18] is assumed to be quite large.
On the basis of phenomenological importance, microscopic calculations of ζ for quark gluon plasma (QGP) and hadronic matter is a matter of contemporary interest in the community of HIC. A list of references are [2, [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] , where Ref. [19] addressed high temperature perturbative QCD calculations of ζ, Refs. [20] [21] [22] [23] [24] [25] have gone through Nambu-Jona-Lasinio (NJL) model calculations of ζ and Refs. [26] [27] [28] provided the discussions on Linear Sigma Model (LSM) estimation of ζ. These effective QCD model calculations [20] [21] [22] [23] [24] [25] [26] [27] [28] cover both QGP and hadronic phases while hadronic-model calculations of Refs. [32] [33] [34] [35] [36] [37] are restricted within hadronic phase only. The present work is also addressing the estimation of ζ in the hadronic phase only. At vanishing baryonic chemical potential, most of the microscopic calculations predict that ζ(T ) increases but ζ/s(T ) decreases in the hadronic temperature domain. However, few exceptions are there depending on different scenario. For example, Ref. [28] showed that the decreasing function of ζ/s(T ) is transformed to an increasing function in the hadronic temperature domain, when its medium constituents sigma meson becomes heavier. Similar kind of fact is also observed in Ref. [27] depending on the different nature of phase transition as well as methodological differences of LSM calculations. In the hadronic temperature domain, a decreasing nature of ζ(T ) is observed in Ref. [20] while Ref. [33] estimated increasing ζ/s(T ). These knowledge from the earlier investigations suggest that the nature of ζ(T ) and ζ/s(T ) are still not very settled issues. Again, the numerical strength of ζ and ζ/s from different model calculations exhibit a large band -ζ ∼ 10 −5 GeV 3 [32] to 10 −2 GeV 3 [20] or, ζ/s ∼ 10 −3 [32] to 10 0 [20] . These uncertainty in nature as well as numerical values of ζ(T ) from the earlier investigations demand for further research on these kind of microscopic calculations. Owing to that motivation, we have gone through a microscopic calculations of ζ and ζ/s, where equilibrium situations of hadronic matter are controlled by the standard HRG model and non-equilibrium picture of medium constituents is introduced via quantum fluctuation of pion and nucleon in medium. With respect to the earlier HRG calculations of ζ [33] [34] [35] [36] , the main distinguishable contribution is in the non-equilibrium properties of medium constituents, quantified by their thermal width. Assuming pions and nucleons as most abundant constituents of medium, we have calculated their thermal width, which are coming from their in-medium scattering with different possible mesonic and baryonic resonances. The main formalism for this thermal width calculations of pion and nucleon are explicitly described in the Section II, which is started with a brief description HRG model, handling the equilibrium part. Next, the numerical results are discussed in Section III and lastly, our investigations have been summarized and concluded in Section IV.
II. FORMALISM
The HRG system is an ideal gas of hadrons and their resonances are taken from the Particle Data Book [38] . Here we consider all resonances up to 2 GeV masses. The recent LQCD data at zero baryon chemical potential (µ B ) show that for temperatures up to the crossover region (150 − 160 MeV), HRG provides a reasonably good description of the LQCD thermodynamics [39] [40] [41] . All thermodynamic quantities of the HRG can be computed from the logarithm of total partition function
where
(2) is the single particle partition function of the ith hadron. In Eq. (2), g i is the degeneracy factor of ith particle with mass m i , V is volume of the medium, and K 2 (..) is the modified Bessel function. Under the condition of complete chemical equilibrium, all the hadron chemical potentials can be expressed in terms of only three chemical potentials corresponding to the QCD conserved charges
where B i , Q i and S i are the baryon number, electric charge and strangeness of the ith hadron. It is straightforward to compute other thermodynamic quantities from Z HRG , such as pressure (P ), energy density (ǫ), entropy density (s):
Square of the speed of sound is defined as
where ρ B is net baryon density. From the Relaxation Time Approximation (RTA) of kinetic theory approach [28, 31] or from the one-loop expression of diagrammatic approach based on Kubo formula [37] , we can get standard expressions of bulk viscosity coefficient for pion and nucleon components [28, 31, 34, 37] :
and
where n π = 1/{e ωπ/T − 1} is the Bose-Einstein (BE) distribution function of pion with energy ω π = {k 2 + m (M ), which we can shortly call πM loop. We will take M = σ and ρ, as they are dominant resonances of ππ decay channel (within the invariant mass range of 1 GeV). Now, from the retarded self-energy of pion for πM loop Π R π(πM) (k), the corresponding thermal width Γ π(πM) can be obtained as
where subscript notation stands for external (outside the bracket) and internal (inside the bracket) particles for the diagram 1(a). Following Similar notation, we can define 
and N * (1720). Adding all these mesonic (πM ) and baryonic (N B) loops, the total thermal width of pion Γ π can be obtained as
Similarly, one-loop self-energy of nucleon with pion (π) and baryon (B) intermediate states, which is denoted as Σ R N (πB) (retarded part), will be our matter of interest to estimate corresponding nucleon thermal width Γ N (πB) . The diagramatic anatomy of Σ R N (πB) is shown in Fig. 1(d) . Here we have taken all the 4-star spin 1/2 and 3/2 baryons, mentioned above. Hence, summing all the πB loops, we can get our total nucleon thermal width :
The imaginary part of self-energies, given in Eqs (10), (11) and (13), have been derived with help of standard thermal field theoretical techniques. At first, the expression for ImΠ
where n l , n u are BE distribution functions of π, M mesons respectively at energies [42] have been calculated by using the effective Lagrangian density,
where g ρ and g σ are respectively effective coupling constants of ρ meson field ( ρ µ ) and σ meson field (σ), which are coupled with the pion field ( π). Next, the direct and cross diagrams of pion self-energy for N B loop are combinedly expressed as [44, 45] 
where n ± l , n ± u are FD distribution functions of N and B (± for particle and anti-particle) respectively at energies (b) and (c) respectively). With the help of the effective Lagrangian densities for πN B interactions [43] ,
one can deduced the vertex factors L πN B (k, l) [44, 45] . At last, the expression for ImΠ
where n l is BE distribution functions of π at energy ω l = { l 2 + m 
With the help of the interaction Lagrangian densities from Eq. (17), the vertex factors L N πB (k, l) [46] have been obtained.
III. RESULTS AND DISCUSSION
Let us start our numerical discussion with the Fig. (2) , where momentum distribution of thermal widths of pion and nucleon have been displayed. With the help of Eqs. (10), (11) , (12) , (14) and (16) π exhibit a peak structure in some point of k-axis, which depends on the medium parameters T and µ B . These momentum distribution of Γ π and Γ N will be integrated out when we will estimate ζ π and ζ N from Eqs. (8) and (9) respectively. Let us come to the different loop contributions of pion and nucleon thermal width in bulk viscosity coefficient of hadronic matter. Fig. 3(c) shows individual contributions of πσ (dotted line) and πρ (dash line) loops in ζ π , which reveals that they are respectively important in low (T < 0.080 GeV) and high (T > 0.080 GeV) temperature domain for getting a non-divergent values of ζ π . These are respectively obtained by putting Γ π(πσ) and Γ π(πρ) in place of Γ π of Eq. senting total bulk viscosity of pionic component due to meson loops. After a mild decrement in low T (< 0.080 GeV), it receives an increment nature in high T (> 0.080 GeV). Along with Fig. 3(c) , where an explicit temperature dependent c tribution (Γ M π ) to get total pion thermal width Γ π . In Fig. 4(a) , changing the nature of dash-dotted line to dotted line indicates that inclusion of baryon loops with meson loops becomes the reason for reducing the rate of increment of ζ π (T ) at high temperature region, T > 0.100 GeV. Putting our calculated nucleon thermal width Γ N in Eq. (9), we get ζ N as shown by dash line in Fig. 4(a) . Now adding ζ N with ζ π we have total bulk viscosity
as shown by solid line in Fig. 4(a) . In Fig. 4(b) , this ζ T (solid line) has been compared with the results generated for two constant values of c of these curves are quite similar to the curve of ζ π (T ) at vanishing µ B but their minima are only shifted towards lower T as µ B increases. Following the same story of vanishing µ B , inclusion of baryon loops in pion selfenergy is again influencing on ζ π (T ) in high temperature domain. The variation with µ B of ζ N (µ B ) in Fig. 6(a) and ζ π (µ B ) in Fig. 6(b) and (c) are grossly same as their temperature dependence. For small T and µ B , ζ N and ζ π are of similar order. However, with increasing T and µ B , ζ N dominates over ζ π . ζ N receives additional contribution from Fig. (9) at three different values µ B and T respectively. Since increment of s(T ) is larger than the increment of ζ(T ), therefore, ζ/s is appeared as a decreasing function of T . On the other hand, both ζ(µ B ) and s(µ B ) monotonically increase with µ B but the ratio ζ/s(µ B ) increases first and then decreases at high µ B domain. Next, Fig. 10(a), (b) and (c) reveal respectively the variation of total bulk viscosity ζ, entropy density s and their ratio with the variation of center of mass energy √ s (Reader are requested to be careful on the same symbol s used for entropy density and square of beam energy). The beam energy dependence of T and µ B used in computation are those obtained from fits to hadron yields. We have used the parameterization from Ref. [48] . We notice in Fig. 10 that ζ (a) as well as ζ/s (c) are decreasing with √ s, which is qualitatively agreeing with the results of earlier studies [33, 34] . The decreasing trend of ζ and ζ/s with √ s can be understood from the fact that µ B decreases with √ s while T remains fairly constant in the range of √ s analyzed here and according to Fig. 9(a) and (c), the ζ and ζ/s decreases with decreasing of µ B . [36] ). We see a large numerical band for ζ (10 −5 -10 −2 GeV 3 ) or ζ/s (10 −3 -10 0 ), within which earlier estimations are located. The results of the present work and Fraile et al. [37] both show similar kind of temperature dependence of ζ -it decreases at low T domain (< 0.100 GeV) and then increases at high T domain (> 0.100 GeV). Monotonically increasing nature of ζ(T ) for constant value of τ (solid lines) discloses the fact that the origin of non-monotonic behavior of dashed lines are because of explicit structure of τ ( k, T, µ B = 0). The ζ(T ) of Ref. [34] decreases up to T ∼ 0.150 GeV after which a mild increment is observed. Most of the earlier works [20, 21, 25, 27, 28, 32, [34] [35] [36] [37] based on effective QCD model calculations [20, 21, 25, 27, 28] as well as effective hadronic model calculations [32, [34] [35] [36] [37] predicted a decreasing function of ζ/s(T ) in the hadronic temperature domain, which is qualitatively similar with our results (dashed lines). These are not supporting the fact that ζ/s diverges or becomes large near the transition temperature as indicated by Refs. [2, 4, 5] , within the temperature domain of quark phase. Some of the effective QCD model calculations [22] [23] [24] 27] , which can predict estimations of ζ/s in both temperature domain, exposed a peak structure near the transition temperature. While some of the HRG model calculations [33, 36] have supported this behavior by displaying an increasing tendency of ζ/s(T ) as one goes towards the transition temperature from the hadronic temperature domain. This kind of increasing ζ/s(T ) is also observed in our work when we consider the constant value of τ (solid lines). Regarding this two opposite nature of ζ/s(T, µ B = 0) within hadronic temperature domain, Ref. [27, 36] have exposed the possibility of both nature. Ref. [36] shows that inclusion Hagedorn states (HS) in HRG model can convert ζ/s(T ) from decreasing to increasing function. In this context, our results for explicit T , µ B dependent τ and constant value of τ are also displaying both type of nature. Taking shear viscosity η(T, µ B = 0) from Ref. [45] , based on same pion and nucleon thermal fluctuations, we get ζ/{(1/3 − c 2 η} ≈ 15, followed by photon fields [50] , scalar fields [51] or QCD theory [19] . So our estimation within the hadronic temperature domain is representing the strongly coupled picture instead of weakly coupled scenario [19] . Again, at high temperature domain, our numerical values of ζ/s are matching (after extrapolation) with high temperature values of Refs. [19, 52 ]-ζ/s(T ≈ 0.200 − 0.400) ≈ 0.002 − 0.001, obtained from the perturbative QCD calculations. In this regard, our estimation is indicating a smooth transformation from the strongly coupled picture of the hadronic temperature domain to a weakly coupled medium of quarks, instead of divergence or peak structure of ζ/s near transition temperature.
IV. SUMMARY
We have gone through a detailed microscopic calculation of bulk viscosity coefficient for hadronic matter, where thermodynamical equilibrium conditions of all hadrons in medium have been treated by standard HRG model, which is very successful to generate LQCD thermodynamics up to the transition temperature. The thermal widths of medium constituents in the bulk viscosity expression inversely determine their numerical strength. Assuming pions and nucleons as most abundant medium constituents, we have concentrated on the bulk viscosity contributions from pion and nucleon components, where their corresponding thermal widths are derived from their in-medium scattering probabilities with different mesonic and baryonic resonances in the hadronic matter. Owing to the field theory version of optical theorem, the imaginary part of pion and nucleon selfenergy (on-shell) at finite temperature give the estimation of their corresponding thermal widths. In the oneloop diagrams of pion self-energy, we have taken different mesonic and baryonic loops, while pion-baryon intermediate states are considered in the one-loop diagrams of nucleon self-energy. Their thermal widths are basically on-shell values of their corresponding Landau cut contributions, which disappear in the absence of medium and therefore, these are inversely interpreted as their respective relaxation time, which proportionally control the numerical strength of transport coefficients like ζ. Our result show that ζ(T ) at µ B = 0 increases in the high temperature domain (0.080 < T (GeV) < 0.175) but a decreasing nature of ζ(T ) has also been observed at low T (< 0.08 GeV). The πσ and πρ loops of pion self-energy are respectively responsible for the decreasing and increasing nature of ζ(T ) at low and high T domain. Addition of baryon loops in pion self-energy mainly make ζ(T ) reduce at high T domain. Bulk viscosity for nucleon component monotonically increases with T . At finite µ B , the nucleon component of bulk viscosity is highly dominating over the pion component. Adding nucleon and pion components, the total ζ increases with both T and µ B . However, after dividing by total entropy density, ζ/s appear as a decreasing function of T and with the variation of µ B , it increases first at low µ B region and then decreases at high µ B region. Along the beam energy axis, the ζ and ζ/s both decreases, as noticed in some earlier works [33] [34] [35] .
During comparison with earlier results of ζ/s(T ) at µ B = 0, one can notice that the qualitative as well as quantitative nature is not a very settled issue. Some of them [2, 4, 5] indicated divergence tendency of ζ/s near transition temperature, some of effective QCD model cal-culations [22] [23] [24] 27] revealed peak structure near transition temperature, whereas most of the effective QCD model calculations [20, 21, 25, 27, 28] as well as effective hadronic model calculations [32, [34] [35] [36] [37] , including our present work, predict a decreasing function of ζ/s(T ) in the hadronic temperature domain, with few exceptional HRG calculations [33, 36] . Our decreasing ζ/s(T, µ B = 0) is representing a strongly coupled picture in the hadronic temperature domain, whose smooth extrapolation to high temperature domain agrees with a weakly coupled picture [19] .
